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Probability Distributions in Data Sciences

Probability distributions and histograms
— 1mages, vision, graphics and machine learning,...
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Probability Distributions in Data Sciences

Probability distributions and histograms
— Images, vision, graphics and machine leammgz.r
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Probability Distributions in Data Sciences

Probability distributions and histograms
— 1mages, vision, graphics and machine learning,.. .
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Density fitting: m@in D(ayg, 5)

— takes 1nto account a metric d.



1. Optimal Transport




Kantorovitch’s Formulation

Input distributions
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Kantorovitch’s Formulation

Input distributions
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Kantorovitch’s Formulation

Input distributions

& = Z?:l a;05, [ = Z;n:l bjo,,

Points ()i, (y;);
Weights a; > 0, b; > 0.

Z?:l A = 2321 bJ =1

Couplings:
U(a,b) {P eR™: Pl, =a,P 1, = b}

Kantorovich 1942]

min {Z d(z,,y;)PP.;; P € Ula, b)}




Optimal Transport Distances




Optimal Transport Distances
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p(a, B)P we/ﬁlﬁxz) {/X (z,y)Pdm(z,y) ; m1 = a,m ﬁ}

Theorem: W, is a distance and a,, = 8 < W,(a,,53) =0

Vfel(X),
fda, — [, fdp

L ST S )

16, —dz]1 =2 vs. Wy(dy, —0z) = |2 — 2|

Weak* (aka in law) convergence: «,, — 8 < I
x
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— min-cost flow, on graphs O(n?log(n)).
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Algorithms

Linear programming: O(n’log(n)?)
Hungarian/Auction:  O(n’)
Q= % Z?:l 5337, ﬁ — % Z?:l 5y3

1-D case: sorting O(nlog(n)).

p=1 f) = min u(zx)|dx
d = H . ” ( & le(’U) a— 5f ” H

— min-cost flow, on graphs O(n?log(n)).

Monge-Ampere/Benamou-Brenier, d = | - ||5.

Semi-discrete: Laguerre cells, d = | - |3.
Merigot 2013]

Need for fast approximate algorithms for generic c.



2. Entropic
Regularization




Entropic Regularization

Relative-entropy: KL(7w|la® 8) = / log dr (z,y) | dn(z,y)
X2 d@dﬁ

Schrodinger’s problem: 1931]
WZ,(a,8) = min /XQ d”(z,y)dn(z,y) + eKL(7|a ® )

7T1=O{,7T2:ﬁ




Sinkhorn’s Algorithm

] d(x;,y )PP, o +eP; i lo (Pi’j)
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Proposition: P, ; =u; K, Vv, K,, =e = =



Sinkhorn’s Algorithm
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Sinkhorn’s Algorithm

PEIIIJll(g,b) Zz,] (CU yy) J T&r;log a;b;

d(way)
' ; [ ] . . — o . . . def- - 7} J
Proposition: P;;=u; K; ; v; K,, =e — =

Row constraint: u ® (Kv) =a (Col. constraint: v © (KTu) —b

a b

Sinkhorn iterations: u < V < =
Kv K'u

Theorem: [Sinkhorn 1964] (u,Vv) converges.



Sinkhorn’s Algorithm

i - d(zi, )PP s +eP; s lo (Pi’j)
Pe%l(g,b) ZZ’J (0,83} Pg + ITE ek

d(way)
' : [ . . — o . 0 0 def. - ,L J
Proposition: P;;=u; K; ; v; K,, =e — =

Row constraint: u ® (Kv) =a (Col. constraint: v © (KTu) —b

a b

Sinkhorn iterations: u < V < =
Kv K'u

Theorem: [Sinkhorn 1964] (u,Vv) converges.

Only matrix/vector multiplications.
Matrix-vectors Matrix-matrix

parallelization
> V
H EH - H
vi v v’ v

— Convolution on regular grids, separable kernels.
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OT barycenters: 5 /
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Balanced OT

A

Unbalanced OT

A

Unbalanced transport:
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Generalizations

OT barycenters: 5 /
mﬁin > MW (a, B) 21—
%,
|[Agueh, Carlier 2010] ‘
[Solomon et al, SIGGRAPH 2015]
Unbalanced transport: Balanced OT
min [ edr+ .

pKL(m|o) + pKL(72|3)

[Liereo, Mielke, Savaré 2015
(Chizat, Schmitzer, Peyré, Vialard 2015]

Gradient flows:
Qg = mm W2(as, ) + 7 f(a

Unbalanced OT




3. Sinkhorn Divergences




Sinkhorn Divergences
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Sinkhorn Divergences

W2y(0.8) % min_ | d(ay)dn(e,y) + KLl

T1=,To=/0

Problem: W_(a,a) # 0

min ngp(oz, B)

87

Wg,e(()‘a 6) = Wg,e(&7 6) - %ng(&a &) B %W£,5(57 6)



Sinkhorn Divergences

0 8) S min_ | (e )dn(e,y) + KLl

T1=,To=/0

Problem: W¢(a, ) # 0

Wg,e(@a 6) = Wg,s(&7 5) - %ngg(&7 Oé) B %Wg’a(ﬁjﬁ)

_ .0y WP (a,
Theorem: [Genevay, P, Cuturi, 2017] W. (a,ﬁ)<: p(@; B)

&g,p
) 7od HO‘_BHZ—dP

Kernel norms (MMD ): ||§H2_dp = fXQ z,y)PdE(x)dE(y)

Proposition: | - |_j.|» is a norm for 0 < p < 2.
\' Gretton *



Sinkhorn Divergences

Wiel0o§) 2 W3 (0, 0) = W (0 0) = W5,

colcave Cconcave

Theorem: [Feydy, Séjourné, P, Vialard, Trouvé, Amari 2018]

weakx

W., > 0 and Wz;p(-, ) is convex.
Wep(,,B) >0 < «a, — f

min W2 (cv, ) min W, (e, 5)



Sample Complexity

JEFTI ‘% by #d ol
S 1 12 ‘f‘};xé %/Q:g
.'.. - ...: P." ﬂ } ’é}.’ ‘

E(|Wp(&,8) — Wy(e, B)) =O(n~4) > T
E(||a — Bk — o — Blk]) = O(n~2) | |

Theorem:

Optimal transport: suffers from curse of dimensionality:.

— Adapt to support dimensionality [Weed, Bach 2017]



W, (&, 8) — Wy(a, B)]) = O(n™
|6 — Bl — o = Blxl) = O(n~

Theorem:

Theorem: |Genevay, Bach, P, Cuturi]
E(‘Ws,p(&v B) — Ws,p(aaﬁ)‘) = O(e™

N

-1+F

Optimal transport: suffers from curse of dimensionality. 1®

— Adapt to support dimensionality [Weed, Bach 2017] *
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4. Application to
Generative Models




Density Fitting and Generative Models
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Density Fitting and Generative Models

def. 1 1 Qo o o[
Observations: [ = o O,
n — / /,/ — N\ ® .: .C.U 7}
‘Q D . .y. PY : °
Parametric model: 0 — oy ® e o

Density fitting: dag(xz) = pe(x)dx

Maximum

mein KL(8|ag) = Zlog po(i))  likelihood (MLE)



Density Fitting and Generative Models

df
Observations: = £ 3" | 8,

Parametric model: 0 — «y
Density fitting: dag(xz) = pe(x)dx

' KL = ] )
min (Blag) Z og(pg(x;

Generative model fit: oy = gp 4C
KL(B‘O&@) = +0OQ

i ° (9 U > o : : o
o
Maximum

likelihood (MLE)

— MLE undefined. S
— Need a weaker metric.

m@in Wﬁ,p (0497 5)




Deep Discriminative vs Generative Models

de(2) = p(Ex (- .- p(&2(p(&1(2) .. )

Deep networks: go(z) = p(0k (... p(O2(p(01(2)...)
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Generative Models
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Training Architecture

m@in E(0) = ng(ozg, 5)

Stochastic gradient descent

0+ 0 —TVE(®)
E(O) = W (55 2 0gs(21): B)




Training Architecture

m@in E(0) = Wf;p(ozg, 5)

Stochastic gradient descent

)+ 0 —1VE(D)
E() = W (o X2 0go(=), )

Generatlve model

Input data
yl )




Automatic Differentiation

Setup: £ : R™ — R computable in K operations.

def ForwardNN(A,b,Z):
X =[]
X.append(Z)
for r in arange(0,R):

X.append( rhoF( A[r].dot(X[r]) + tile(b[r],[1l,Z.shape[l]]) ) )
return X

Hypothesis: elementary operations (a x b,log(a),+/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R™?
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Finite differences:



Automatic Differentiation

Setup: £ : R™ — R computable in K operations.

def ForwardNN(A,b,Z):
X =[]
X.append(2)
for r in arange(0,R):
X.append( rhoF( A[r].dot(X[r]) + tile(b[r],[l,Z.shape[l]]) ) )
return X

Hypothesis: elementary operations (a x b,log(a),+/a ...)
and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R™?

VEWD) ~ 2(E(0+26,) — £(6). ... E(0+28,) — E(0))

Finite differences: e
K(n + 1) operations, intractable for large n.

Theorem: there is an algorithm to compute VE in O(K) operations.
'Seppo Linnainmaa, 1970]

def BackwardNN(A,b,X):
: : : X = lossG(X[R],Y initialize the gradient

This algorithm is reverse mode | &~ 15eSxiaL 0 7 wnivs ?
. . R R M = rhoG( A[r].dot(X[r]) + tile(b[r],[1l,n]) ) * gx
automatic differentiation gx = A[r].transpose().dot (M)

gA[r] = M.dot(X[r].transpose())

gb[r] = MakeCol(M.sum(axis=1))
return [gA,gb]




Examples of Images Generation
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Examples of Images Generation
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— Need to learn the metric d(x,y) = |he(x) — he(y)| (GANSs)
— Influence of 7
— Performance evaluation of generative models is an open problem.




\.\\\

' ‘\.‘nl

Progressive Growing of GANSs for Improved Quality, Stability, and Variation
Tero Karras, Timo Aila, Samuli Laine, Jaakko Lehtinen, ICLR 2018



\.\\\

' ‘\.‘nl

Progressive Growing of GANSs for Improved Quality, Stability, and Variation
Tero Karras, Timo Aila, Samuli Laine, Jaakko Lehtinen, ICLR 2018



Conclusion: Toward High-dimensional OT

Otto McCann Figalli
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