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*f Over-squashing Issue

"

Over-squashing is characterized by the fact that GNNs are almost unable to transfer
information between distant nodes.

Figure: Red and blue nodes are the more distant nodes in the graph. Transferring information between
them is more challenging than another pair of nodes.
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*f Why is difficult to transfer information 7
h- ‘
It exists two main reasons:

@ Propagation obstruction due to access/commute time [1]:

o Access time: number of iterations needed to transfer information between two nodes
o Commute time: number of iterations needed to transfer information and come-back between
two nodes

@ Obstruction: information from nearest nodes is higher than distant nodes
@ Bottleneck effect: as the number of layers increases, the number of nodes in each node’s
receptive field grows exponentially and messages that are propagated from distant nodes
are distorted [2, 3]. Particularly if it exists few edges between dense regions in the graph.
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q»f [llustration of a graph with a bottleneck
L

g

Figure: Information transiting through the red edge is concerned by over-squashing.
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Commute time and existing solution to mitigate over-squashing
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Figure: Example of rewiring methods with commute time measures on edges.
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*f Over-smoothing Issue

Over-smoothing occurs when the number of layers, e.g. the depth, in a GNN increases. By
iteratively combining neighbors node features together, all nodes representation in a graph are
computed using the same information.

For a GCN, node features tend towards a common representation described by a combination
of the square roots of the degrees of the graph [4, 5, 6].
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*f Generalisation to symmetric normalized convolution
e
We consider the following convolution : X,.1 = CX,, = C™1X,. Let note

-1 <A < ... < Ay =1 be the m eigenvalues of C and vy, ..., v, the corresponding

eigenvectors. Assuming that Xo = ajvi + ... + @mVvm and using the power iteration algorithm,
we know that:

dp | Yk>p o ||CFXo — amAi vl < ’y()‘:\";l)k where 7y is a scalar.

. 1
Note that v,, is equal to D21.
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*f Dirichlet Energy

g

Over-smoothing can be efficiently characterized by the mean Dirichlet energy defined for graph
G as E(XN) = Trace((XD)TLX")/|G")| where L is the Laplacian associated with the
convolution operator. By utilizing the convolution described in [7], the mean Dirichlet energy
can be written as:

) AD| X 13
Va1 \/ﬁ 2

where /\/ and d; are respectively the neighborhood and the degree of node i.
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o Definitions
o §
Given a vertex v surviving at layer / we denote by RW/(v) the Reduction Window of v at level
l.
The receptive field of v at level / RF/(v) corresponds to the set of vertices defined at the base
level graph which are merged onto v at level /. More formally, the receptive field at level [ is
defined recursively :

Definition

Let gD, ...,g() = (V1 E') denote a sequence of reduced graphs. The receptive fields at
level / are defined for any vertex v € V/ as:

RE'(v)= | J  RF"'(u) with RF'(u) = RW*(u)
ueRW!(v)
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*f Application to Maximal Independent Sets

g

Reduction windows produced by these strategies satisfy the following equations at any layer /
and for any vertex w € V/:

{ RW!(w) = {w}or (1)
RW!(w) = {w,vi,...,v,} with Vi€ {1,...,n} dg,_,(w,v;) =1

where dg,_,(.,.) is the distance within the graph GU=1) defined at layer / — 1.
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*f Theoretical result on over-squashing

For a convolution, we need a linear relation to intersect features from two nodes:
_ dgy(uyv)
m=—5

Using a decimation scheme satisfying equation 1 we have a log relation:

m = log(dg,(u, v))
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*f Theoretical result on over-smoothing

) ‘
Vge prove that:

O If each vertex belongs to only one reduction window {RF/(v)} .\ forms partition of V°.

= applying just pooling layers like MIVSPool prevent to have over-smoothing because
the set of receptive fields forms a partition of the initial vertex set

@ Let a GNN built by successive applications of GNN+MIVS-topk. At any level two non
adjacent vertices are associated to disjoint receptive fields

= applying an alternation of GCN and Top-k methods conditioned by a MIVS
(MIVS;,—k) also prevent over-smoothing.
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*f Experiment

g

We study the number of layers needed to have the intersection of the two nodes for three
different architectures: only convolutions layers (GCN), only pooling layers and an alternation
of convolution and pooling.

K nodes
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=T Number of layers necessary to cross receptive fields without GCN
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=T Average amount of information transmitted during the crossing
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*f Experiment

g

We study the variation of the Dirichlet energy according to the number of receptive field. We
compare the Dirichlet energy for different methods: only convolutions layers (GCN), only
pooling layers and an alternation of convolution and pooling.
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Dirithlet energy (Iog10 scale)
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=T Evolution of Dirichlet energy for GCN and pooling
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=T Evolution of Dirichlet energy for GCN and alternation methods
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Dirithlet energy (Iog10 scale)
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*f Conclusion

@ Accumulating normalized convolution leads to converge to a linear combination of the
square root of degrees

@ Applying pooling help to intersect faster features

© Applying our pooling strategy methods prevents to have over-smoothing
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*.f‘ [llustration of the Definition of the Receptive Field

Uy Vs

uw

Gia
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Figure: Connection between receptive fields in the base level graph. Note the two edges between
RF'=1(v,) and RF'~*(w) and between RF'~1(w) and RF'=1(v,).
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*f Theoretical results on over-squashing

g

Using Equation ??, we can deduce a lower bound for the number of iterations needed to
cluster two nodes in the same Receptive Field:

de,(u,v) <2x3m—1
S m> log, <dc0(;J)+1) (2)
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*f Theoretical results on over-squashing
L

SWpposing the existence of a constant v > 1 such that for any level p and any couple of
surviving vertices (x,y) we have:

defl(X).y) Z 7de(X7.y)

We thus have: .
.. 1\ .. m— ..
dg,, ,(i,j) =1< (7) deo(iJ) = 7™t < dey (i, ))

We thus can deduce an upper bound for the number of iterations needed to cluster two nodes
in the same Receptive Field:
_ log(dy (i)

log(7) o @)
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*f Theoretical results on over-squashing

g

Combining Equations 2 and 77, we have:

log <W)§m<W+l (2)
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